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XVIL On the Double Tangents of @ Curve of the Fourth Order.
By Artavr CaviEy, Fsq., F.B.S.

Received May 80,—~Read June 20, 1861.

THE present memoir is intended to be supplementary to that “ On the Double Tangents
of a Plane Curve.”* T take the opportunity of correcting an error which I have there
fallen into, and which is rather a misleading one, viz. the emanants U,, U,,.. were

numerically determined in such manner as to become equal to U on putting (2, 7, 2,)

equal to (2,9, 2); the numerical determination should have been (and in the latter part
of the memoir is assumed to be) such as to render H,, H,, &ec. equal to H, on making
the substitution in question; that is, in the place of the formule '

U,= %(wlam'!_?/lay—‘_zlaz)U’

1,
U2=77(n——:1—) (#,0,-+9.0,42,0,)U, &c.,

there ought to have been

1 | ,
U,= =2 (#.9,49,0,42,0,)U,

Us=Grmgs; (@092, +23.)'U, &e.

The points of contact of the double tangents of the curve of the fourth order or
quartic U=0, are given as the intersections of the curve with a curve of the fourteenth
order IT=0; the last-mentioned curve is not absolutely determinate, since instead of
I1=0, we may, it is clear, write II4+MU=0, where M is an arbitrary function of the
tenth order. I have in the memoir spoken of HEsSE’S original form (say IT,=0) of the
curve of the fourteenth order obtained by him in 1850, and of his transformed form
(say I1,=0) obtained in 1856. The method in the memoir itself (Mr. SALMON’S method)
gives, in the case in question of a quartic curve, a third form, say II,=0. It appears by
his paper “On the Determination of the Points of Contact of Double Tangents to an
Algebraic Curve,”} that Mr. SALMON has verified by algebraic transformations the equi-
valence of the last-mentioned form with those of HEssE; but the process is not given.
The object of the present memoir is to demonstrate the equivalence in question, viz. that
of the equation IT,=0 with the one or other of the equations Il,=0, IL,=0, in virtue of
the equation U=0. The transformation depends, 1st, on a theorem used by HEssE for

# Philosophical Transactions, vol. exlix, (1859) pp. 198-212.
+ Quart. Math. Journ. vol. iii. p. 317 (1859).
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358 MR. A. CAYLEY ON THE DOUBLE TANGENTS

the deduction of his second form IT,=0 from the original form IT,=0, which theorem
is given in his paper ¢ Transformation der Gleichung der Curven 14ten Grades welche
eine gegebene Curve 4ten Grades in den Beriihrungspuncten ihrer Doppeltangenten
schneiden,” Crelle, t. lii. pp. 97-103 (1856), containing the transformation in question;
I prove this theorem in a different and (as it appears to me) more simple manner;
2nd, on a theorem relating to a cubic curve proved incidentally in my memoir “On the
Conic of Five-pointic Contact’at any point of a Plane Curve”,* the cubic curve being in
the present case any first emanant of the given quartic curve: the demonstration occu-
pies only. a single paragraph, and it is here reproduced; and I reproduce also HESSE'S
demonstration of the equivalence of the two forms IT,=0 and IT,=0.

Let U=(*Y«, 7, 2) be a quartic function of (2, ¥, 2); (a, b, ¢, f; g, k) its second differen-
tial coefficients; (4, B, ¢, F, @, H) the reciprocal system

(be—f?, ca—g°, ab—N?, gh—af, hf—bg, fg—ch).

And let H be the Hessian of U, or determinant abc—af*—bg*—ch*+2fyh (H is of
course a sextic function of z, 9, 2); (&, ¥, ¢, f, ¢, /') the second differential coefficients
of H; (4,8, d, ¥, d, 1) the reciprocal system ‘

(b’c’-—f’z, C'al_glz, b —1", g'k’—af’, kff’—b'g’,f’g’—dh’).

Then U=0 being the equation of a quartic curve, the equation of the curve of the
fourteenth order which by its intersections determines the points of contact of the
double tangents of the quartic curve, may be takea to be (HESSE’s original form)

II,=(a, B, ¢, F, &, H)0,H, o,H, 0 H)*—3H(a, B, ¢, F, ¢ H}0,, 0,, 0, H=01%.
‘Or it may be taken to be (HEssE’s transformed form)

I,=5(4, B, ¢, F, 6, Y9, H, 3, H, 0, H)*—3(4, 8, ¢, ¥, ¢, 1'Y0,U, 0,U, 0,U)*=
And moreover, if U,=3(2,0,4+%,9,+20,)U, and if H, be the Hessian of U,, and
(a", 8", ", f", ¢", B") the second differential coefficients of H—3H,, where in the diffe-
rentiations (2, ¥y, #,) are’ treated as constants but after the differentiations are effected
they are replaced by (z, 7, z), and if (4", 8, ¢", ¥/, ¢, H") be the reciprocal system

(b"cﬂ fllﬁ, o'lall Ha a!lb’l_k"z 'Ikll 'I}[‘II hlfll bl! It f” ”"—0’7&”)

then the equation of the curve of the fourteenth order may be taken to be (SALMON'S
form
) IL,=(a", 8", ¢, ¥, &", #"Y9,U, 9,U, 0,U)'=0.

I have preferred to write the three equations in the foregoing forms; but it is clear that

the terms '
(s, B, ¢, F, 6, HYD,, 9,, 0,H; (4, 8, ¢, F, &, 8'Y0,, 0,, 0,)°U

might also have been written

A, B, C, F, G, HYa, U, ¢, 2f", 24, 21)); (A, B, ¢, ¥, &, 5" )a, b, ¢, 2f, 2¢, 24).
v g

* Philosophical Transactions, vol. exlix. (1839), see p. 335.
+ In quoting this formula in my former memoir, the numerical factor 8 is by mistake omitted.
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As already noticed, it has been shown by HESSE (and his demonstration is to be here
reproduced) that the two forms IT,=0 and II,=0 are equivalent to each other. And
the object of the memoir is to show that the third form IT,=0 is equivalent to the other
two. The equivalences in question subsist in virtue of the equation U=0, that is, the
functions II,, IT,, IT, are not identical, but differ from each other by multiples of U.

Demonstration of Hesse’s Theorem.

Let (a, b, ¢, f; g, D), (@, 5’, d, f', ¢', ') be any systems of coefficients of a ternary
quadratic function; (A, B, ¢, F, &, H), (4, B, ¢, ¥, ¢, B') the reciprocal systems as above,
(#, y, #) arbitrary quantities. ~Consider the function

O=(a, b, ¢ f, ¢, kY=, vy, 2% (4, 8, ¢, ¥, &, 5'Ya, b, ¢, 2f, 29, 2h)
—, 8, d, ¥, &, e ar+hy+gz, ha+by+-fz, gr+fy-+cz)
The term involving A'is

oa, b, o, f, g, K&, y, 2)*— (ax+hy+g2),

=(ab—1*)y*+(ac—g*)2+2(af —gh)yz
=Cy’+B2*—2Fyz ;

which 1is

and the term involving 2F is
f(“’ b, ¢, fo g hX®@; y, 2) —(ha+-by+f2) gz +fy+cz),

= (af —gh)e*+(f* — bolyz-+ (fy—chzo+(if = bg)ay
A =—F2’— Ayz+Hzzr+Gay;
and the entire expression for O is thus
A(Cy’+B2*—2F yz)
+ B'(A2’4+Ca*—2Gax)
+ O(Ba*+Ay*—2Hay)
+2F (—F 2*— Ayz+Hzz- Gay)
+2G/(—Gy* —Bzz +Fay 4+ Hyz)
+2H'(—Hz2* —Cay 4+ Gyz+Far ) ;
or what is the same thing, '
0=(BC'+BC—2FF, CA'4-C'A—2GG/, AB'+A'B—2HH/,
GH'+GH—AF —A'F, HF +HF—BG -B'G, FG'4+FG—CH'—-CHX, 7, ),
which is really the fundamental theorem. It is however used as follows; viz. the right-
hand side being symmetrical in regard to the two systems

(@ b, ¢, f, 9. b)), (a,¥,6,f,¢g,H)
the left-hand side, which is not in form symmetrical as regards the two systems, must be so
in reality; orif 0’ is what 01 becomes by interchanging the two systems, then O'=0 ;
MDCCOLXL. 8D ’

which is
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or substituting for 00 and O’ their values, we have
(@, b, ¢, f, 9, WY&, 9, 2)*.(4, B, ¢, ¥, &, 5'Ya, b, ¢, 2f, 29, 2k)
— (&, 8, ¢, ¥, ¢, ' ax+-hy+gz, hat-by+fz, gr+fy+cz)
=(d, ¥, d, f', ¢, WY&, y, 2)°.(A, B, ¢, F, &, BYd, ¥, ¢, 2", 24, 2H')
—(a, B, ¢, F, 6, LY a'w+My+g'z, Mad-0y+f'z, ga+fy+2),
which is HEsSE'S theorem. .

If in particular (e, b, ¢, f, g, h) are the second differential coefficients of a function
u=(xYa, y, 2)", and (, ¥, ¢, f', ¢, I') the second differential coefficients of a function
' =(xY, y, 2)¥, then the equation becomes

p(p—=1u.(4, 8, d, ¥, &, 80, 0, 0,)u —(p —1)%(4, 8, ¢, F, &, B'Y0,u, d,u, du)
=p'(p'—1)p'.(4, B, C, F, G, HJ0,, 0y 0, )0 —(p'—1)%(4, B,C, F, &, HYOu, du, d.u)
and if for u, ' we take the quartic function U and the sextic function H, its Hessian,
we have

12U.(«, 8, ¢, ¥, ¢, 1'Y9,, 9, 0,)U — 9(4, 8, ¢, ¥, ¢, u'Y0,U, d,U, d,U)
=30H.(a, B, ¢, F, G, HJO,, O, 0,)H—25(4, B, ¢, F, &, H)Y0,H, 9,H, 3,H);

and if in this identical equation we write U=0, then from the resulting equation and
the equation ‘

II,=—3H(a, B, ¢, F, 6, H)YO,, 0,, 0,)’H4-(4, B, ¢, F, 6, 1)0,H, d,H, 3,H)
we may eliminate any one of the three terms
(4, 8, d, ¥, ¢, 50, U,9,U,d,U),
H.(a,B,0,F,6,8)0, ,0, ,0,.)H,
(a,B,c,F,a,n)o,H, oH, 0,H)?;
and in particular if the second term be eliminated, we obtain the equation
IL,=5(a, B, ¢, F, &, 1)0,H, o, H, 0, H)*—3(4, 8, ¢, ¥, ¢, u'Y0,U, 9,U, 3,U ),
and the equivalence of the two forms IT,=0 and II,=0 is thus established.

But Hzesse’s theorem leads also to the demonstration of the equivalence of the third
form IT,=0. To use it for this purpose, I remark that if (a", 8", ¢', f", ¢", 1) are the
second differential coefficients of H—3H,, where after the differentiations x,, 9,, 2, are to
be replaced by (#, ¥, ), then the theorem gives

12U.( A" B 6 H"Ia,, ay, az)2U—9( A" B, G",' H"IB,U, ayU, azU)z
=(a", 8", ', f", ¢", W'Y, y, 2)’.(a, B, C, F, &, HYO,, 0,, 0,)(H—3H,)
—(4, B, ¢, F, 6, By @' 24-N"y+¢"z, Ko 4+0"y+f"2, ¢"v+f"y+"2)0
But on putting (, y, 2) for (#,, 7, 2,) we have (since H is a homogeneous function of

the order 6, and H, before the change is a homogeneous function of the order 8 in
(%, 9, 2)) d'24-1"y4¢"2=50,H—3.20,H,=50,H—33,H (since, on making the substi-
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tution, H,=H, but 3, H,=49,H)=20,H; and thus

(d"z+W'y+g"2, W'a+b"y+ ”z, 9"z f"y+"2)=(29,H, 20,H, 20.H);
and similarly, on making the substitution,

(a", 0", ", f"s ¢', W'Yz, y, 2)’>=6.5H—3.3. 2H,_(30 18)H=12H.
Hence writing therein U=0, the foregoing equation becomes

—9(a", 8", ¢, ¥, ¢, 8"Y0,U, 9o,U, 0,U)
=12H.(a, B, ¢, ¥, &, HYO, , 9, , 0,)(H—3H,)

—4(a, B, ¢, F, &, H)Y0,U, 0,U, 0,U),

which may also be written
—9(a", ", ¢, ¥, ¢", #'Y0,U, 9,U, 0,U)*
=12H.(s, B, ¢, , 6, HYO, , 90, , 0, )H
—36H.(, B, ¢, F, 6, HYD, ,9, ,9,)H,
—4 (A, B,0F 6 15)Y0,U,0,U,0,U),
where (z,, ), 2,) are ultimately to be replaced by (z, ¥, 2). The second line in fact
vanishes, which I show as follows:—

Demonstration of my Theorem for o Cubic Curve.
Let U=(x)a, 9, 2)° be a cubic function; it may by a linear transformation of the
coordinates be reduced to the canonical form a°4-y°+2°+6lryz, and we then have
(A, B, ¢, F, G, HYO,, 0,, 0,)’H +6°
= (yz—0a*).—60x
+ (zx—0y*).—60%
+ (vy—02").—60%

+2(Pyz—12?).(1428)2
+2(Pzx—1ly*). (1420
+2(Pay—12°).(1420)z
=— 18Payz +6% (2°+9°+7°)
+ 621420 )ayz— 2014+ 2P)(2°+4°+72°)
=(—1204-120)eyz -+ (— 20420 )(2* +9°+2°)
== 2A—14+0) 24y’ +2°+6layz).
"Or since — 41 is equal to the quartinvariant S, and the equation is an invariantive one,
we have for any cubic function whatever

(4, B, ¢, F, G, HYO,, 0,, 0, JH+6°=2S.T,

which is the theorem in question. There is a difference of notation, and consequently a



362 ON THE DOUBLE TANGENTS OF A CURVE OF THE FOURTH ORDER.

different numerical factor in the theorem, as stated in the memoir on the conic of five-
pointic contact, referred to above.

If, as above, U is a quartic function (xY, ¥, 2)*, and U,=%(2,9,4%,9,+72,9,)U, then
U, is a cubic function, and we have

(An By, C,,.Fl, Gy H;Iam ay, B,)2H, +6°=28§,.U,,

where it is to be noticed that S, denotes a quartic function in the coefficients of U,, and
consequently a quartic function in (2,, ¢, 2,), the coefficients being quartic functions of
the coeflicients of U.  On writing (2, ¢, 2) in the place of (#,,%,,2,), S, becomes a quartic
function of (2, ¥, 2), which is in fact a quarticovariant quartic of U.

If in the foregoing equation we write («, ¥, ) in the place of (2, %), 2,), then U,
becomes equal to 2U ; and consequently, if U=0, the right-hand side of the equation
vanishes. Moreover (@,, b,, ¢;, f3, ¢1, 7) (the second differential coefficients of U,) become
equal to (@, b, ¢, f, ¢, k), and consequently the coefficients (a,, B,, ¢, Fy, 6,, H,) become
equal to (4, B, C, T, G, H). Hence, assuming always that U=0, the equation becomes

(4, B, 0, 1, G, w3, 9,, 90.)'H,=0,

‘where after the differentiations (2, 7,, 2,) are replaced by (z, 9, z). This is the form
which is required for the present purpose.

Returning to the foregoing expression of —9(4”, 8", ¢, ¥, ¢", 5"Y0,U, 3,U, 3,U)?,
this now becomes '

_91—[3':_9( A B E 6 H"IB,U, ayU, azU)z

= 4{3H.(a, 8,0, F, 6 HYO, 9, 0,))H—(4, B, ¢, F, 6, 1}0,U, 0,U, 0,U)*},
so that the equation IT,=0 gives
IT,=(a, B,¢, 7 6,8)0,U, 9,U, BzU)”-f 3H.(aB,0,F, 6 H)YO, 0, 0,)"H=0,

and the equivalence of the equations I1,=0 and II,=0 is thus established.



